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Jwo imensional O-mode( haye Served as a powerful pamo/igm
n /;e/p:‘ng us Uﬂo/ersfano’inj Four dimensional hon-Abelian theories.

768}’ are Known 1o Share many 1mportant featares :

~ X

- Asymproric JFreedom 5 /q;\
- Generation of mass gaf
- Continement
~ Chiral Symmetry Breaking Gross- Neveu , 4fitten ,

- Large N - expansion D'Ad/a-Luscher - Di Vecchia etc
- Instantons
- Anomafies / Cument Algebra .

But QAo C-Models are » b biting Striking fearures:

such as Sosonization ,infinite Conserved Charges ,importarnt: for us :
“Connectiont with ]ntejm ble Systems ?.



77re fua/ifatz‘ve Connections between Q2 oim. O - Wodels

Qnd 4 o/imt ANon-Abelian Gauge /heories (Gh e made “?aantitative v
\]|
Solitonic Vorrex Strings Frecisely Provides Such Connection ?

74e Basic Iofea 1S , &€ Consioer  oim Aon-Abelian Theory with

4

Some guarks ¢ , we Fo to " /-/i;ys Phase” <2 > #0
(Scalar)
Soe
<205 % C.f. Abelmn ~Higgs
/7oole/

v fagner/c Flux

- )—& X3
7 Xy
Non~-Twivial Winding of P(R) AT = [}5‘0/1"52



(Tore Concretely , le Consider <oim. Theory tith {J(Ne) Gauge Gp
and N flavors (+ SUSY Generalizatron )

_ _ Ny 2 _ o2 Nf -2—\)1 =1
.[= 4_?2 IPF;‘VI_A‘,.,‘ EI IDitI ITP(%;,'%L, /C/ZI

- Parame+te:

(+ Fermions for SUSY )

% A=l M, sl My

Vacuum - (9% >= v§% > UNIxSUMN)—>S[ z/mczxumé-/vc)]
| ﬁ
flass Gap:  Mg=rg ~ €V (uon) (1) is broken by
the vev

TT( Y x SUA4)
YLV CARTV R

)]) = 7 & Vorrex Mumber



70 find/ vortex Selution , use Bogomoln y Gmplering the Sguare Thck :
o N o
(Fas ) = el((:?—_;f 2% Z; -v'9%)
DZ z =0 (f= .x,ff)(a )

7%he Gnalytic Solutions Unknown, but it Can be Solved rumevically .
19)* Fai
23

VLT 4

=Xt X

>

>
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7%e VorteX dorle volume onamics "Frobes” the % dim Strong Coup/ing
(/7Jo Dimensjopal ) Lynamics



7he [ow €nergy vortex oynamics is Jiven by 'floduli Space Apprximation”.

(Wenton )
Moclulz SPGCR MELFC Jiy Cak be Obtamed Ffrom

N¥
Trr= Tr ["2 & aASGAs 5 G0 5GTE + A4S

(§1A> 8L) are So-culled " Zero todes”. (Bosonic ) (linearized
Fluctuartions)

tle can also idlentify modkf; Space by Consideting Oifferent ways of
Embeding ortex Solutions. For K=/, Mr=MNe

M» e Me = SU(/VC)d — ANe=|.
e Uxsonvey = CF

lhe fow energy dynamics /S given by A oim. O-mode/ with tarjet space

being C[pr-l . lhe Size/kéhler is proportional +o —el-?_ v

/More genera( Gonfiguration, aréitrary K. Me and A etc. we Can

obtain the moduls S)oau /L'(k’ Ne s Mg vie D-brone Construction
( /‘/mmny - ﬁ:nj , Dorey , Holfowan o ete. )



If the < oim Gauge 7heory G/So has '}"erm/‘ons", they also
desCent/ inro Adim Vortex bLjorlf volume as "' fermionic Zero frodes”.

> Gmbined with “bosonic 2ero models”s kle can have "5“/°e"3}"""9*’}' "
(rn Jodim)

* flere we are most interested in N=(2,2) Supersymmetric O -mode(s .
So far the discussion (s Classical, for their . SGuahtum Oyham ics’y
(tS smore powerful to VEWFHte them as "Gmge Theores” (Uitten ),

Sometimes referred as Glauged Linear Sigma (Mool (GLSr7)”

* Various Aspects of NVN=(2,2Q) GLSM have been Studied,

( Dorey, SAi{mm“Yu@e, Hﬁhaﬂy'%hj), /n particular bears
Close resemblence to the of famous

“gom N=R Supersymmetiic Gauge Theories (Seibers-Mimen) ”



pe fricular N=(2,2) GLSM ve focus on has G=U(CK) @

* N fundamental Chiral ltultiplets of (twisted) masses (M My My ),

+ N anti-fundamental Chirg( /'/u/ti,)/PtS of (twiste/) masyes ( M, /‘-7: I /74/ ),

[ 4

+ 4 adjoint Chiral [fuftiplet of (twisted) Mass €.

tJe also add Fayet-Iliopoufos term (FI) r + 2 thera angle Oy

and Comb;,pne to fornr T = CFr + .1940'
O

Interesting low energy oynamics or “ouantum vacua” js governed

by an “Exact £/ STCS S‘uperpofeh-h‘a/ )«fe,t{ (A)” ( )\ ~ twisted Chiral mult.)

(Witten, Cecstti ~Vata )
[_eﬁ = [d% Wey(A) + [d5 W e#(,\) + Jd% K(A, A)

Weyss (A) ~ obtained from /‘ﬂtejmtin; ouUut massive matters.



N Grenerat ing Functiorr tfor

Explicit Form of Wepp( T) is - o~ Quantum Integreble System *

(

/ ”©
Neg(M)=aniT £ ; - )=: g F(20) €] 5 f(AA )

JI-QI

'/‘)_ f(.&_Ad_) (7[()()=X(.onx -1) )

’/J </

he minima / Vacuum s Fven by a_é‘/‘;f('\): O ) er/)ci+/y :

“’ATIC' AI"P = 2'” Ai~A"€ , Q= ezm"n -1y

2=

(mdeed the case Gfter

\ . ) / ”D
éo#w:eneous twisted XXX Spire Chain . iden tc"f)""’j pParameters )

(Obteined fom Alsebraic Be-l:he Asatze )
7HiS IS Gr ﬂ'amp/e that Vacuum “of gauge theory (S €ncoded i a
"Quantuns Iyregrable System*



e have Seen Simifar 'Modul; Space /. fneoqmé/e System Gnnection “,

from the "Coulomb branch of #dm N=Q SUSY gauge theories ?S‘eiéer;)
- WfiHen

In fact, the Guantum spin chain e just met; jts Classical Cousin
hras already mace appearanca in the following 4dm Gauge Theory -

'N=2 Super -QCD *

Ne “fundamental kypermuleplets” of
te bave UNc) ,,':%;o/:f-f g masSses (M,,/m:(fi m”‘F)
\ Ne “ﬂm‘i- funda menta/ hypermultiplets® of
Jnasses (MW, .M, - ’;7:/‘)
7he theory 4/So has Complex gauge Coupling T = %7 , @
ga oam

74he mooduli Space Aas Coulomb” and "/‘//j;gs Branch .

Hig3s Sranch, — (guarkd $0 . protected from Quantum Comrections by
Hon- renorma(i@Gtrons.



: Q- ro/ Sc s
Coulbmt Granch - [, p? [?=0 (P~ A Docror %7:-;,:/”91- )

(PS>~ diag (Bt Bu) > UN)—> U  (Neceps)
Greneralrzed EM .

- (fassical Coufomb Metvic  Can be guntum Gorecred ” , but- Ohly
one -(oop perturbalively, It Gan further receive hNon-perturbative
mstranron Comections. (Officlt to Compute ordet by order )

- The famous Work of Seibery and Witten , determined exactly
the Quantum Coulomb branch metric / €ffective Coupling .

- 7hey 0o So by f?/ﬂﬁhj the System to an auxilary a‘éqeéra;c Curve.
Kasses ChiCr as Puhciures

' X
Acrefe _/ ar X
Seib i 2 : ®’~, "
&iberg - - N Punctyre
Qitten 31 (3-cycle (A Zsw)

Cuvve .



7he gadge Coupling T is the "fomp/PX Jhructure” of Zsw.

or the " ratio” between A 3 B C)/C/es
o~ te\emerphie 1- form.
/he integrals of Asw over A R B cycles play the ple of

“ ectric” ano " fragneric” Coovdimates in fow energy SRED
CEnteting K E. )

C?I(u)': f‘l Asy (W) . :/ agm =f51: Asw (W)
>

Re lated 65( ;C(&") /;7") “Prepotent/‘a/”
EXam,o_{_e

1

Pure N= SUCN) gauge theory

2N,
Isw .- w+£ =P (x,u) , PN(xu) det(>¢1 4))
L u) di => ?__kaK
Afu(u) =G T (W,u) £ s



But we have alo Seen identical algebrajc Curve before , this

/s precisely the So-Called “S‘pectm/ Curve ” for Ay loda ~System.
( C/assiCal)

-Or for Our Pofotype : V=3 Super-ACD | the Seiberg -Aliten
Curve 2 Sw Is given by: (Agpes, Plesser, Shapere )

— Nc ~ Ne .
Lsy' NQET/ (x-m;z)-wl?[,(x—a,) = h(ht) ﬁ'(x-m,q)=o
= = 2=

QM T

- _2
h=-3%_  , g-p o~ Instanmton (ymeckion

/12
Aja/h , Ve have seemn Similar q/feém;c Curve in " (lessical /‘otejraéle
System”, this is the Spectral Curve for" /hhomogeneous twisted

XXX Spin Chain’’ : N
e P@)=2 T (z-¢2)
:£2-2P))E th(hta) K+ @ K(2)=0

Ke (@)= T (2 - g2, )
2=/

M



Thdeed . we can identify  (Ay(w),G2Cw)) with Canorical Coord.
From Hxxy , afso < I_y¢/") 4With C"omnutmg Conserved Charges

- So fay we has discusses how FYim SUSY gauge théories Gn be
refated o (lassica/ Intejmé/e 5yy+em, but can we aq/so See

" Quantum .Z;n‘egmé/e Systems? Cmerge from & oim theones T

- To quantize G dyhamical Sysrem, ke need o jdentify

GPPpropriate Vacuum, in our XXX spin Chain, We Can Start with

119444 04 PA S
rrerroyrronrorl

— In SQCD, dafter we identify the parameters in Gauge theory G
/mtegrable Spin Chain, this precisely Corresponds to

aj_MoQ:O ,13/,"- ’A/C



@ :Uéat about “/D/ﬂIIC'/\' GhS‘tﬂﬂ- 4' ” foy QPUGHLi i'm_‘/'an?

A : Nekrasov ant/ Shatashvil; prpvsed G .S‘frik/‘/g ldea, thar /S to put
4dlim N'= R gauge theories on , OF

a : ( 6(,0[775 Spacetime @ith nferna ( .S‘/l)rbrefﬁés)

/More Cmcrete/g y, Qe cansider the Euclidean Kotational 6mup :

Rt~ CxC : Ur/),x(/(/)_? C SO4) = 50U()x SU(),

and break the rotational Symmetry [n two out of four directions
s With the deformation parameter '€ 7 ((g , 2.)=(Z ,eizne‘z2>

- Both Rotationa( Symmetry — and Supersymmetry are partially
Broken . Only preserved in X 3- X2 plane , "N=(,2) in

W
2 dimensions. Motiw that t4s is however different N=(2.2)
theory from Qatlier oyscussSion



- [4e ,D;opo_S‘ar/ of Nekrasoy ~ Shatashvili 1S thar + in Such oeformed
N=R theory, if we C‘om,oute F(é-’, ", E)

( “Kinetic term ~ Im (.;ég. & )» §auge coupling T ~ 3% F )
- /omIDOSa/'. F(a_‘:”?) €) /s the of the

for Puahti2in g the a”o/er/y;nj (Yassica( /ntegrable
Sys+em. Jhgt 7§ -

 OF(&m:€) - po el e Panck consfant B
M A

L/v ab
- From perspective of Lsw, -;2“5 Cah be [dentified With L1He

-

A ™~ Ahe are Quantzn 7 “Canon,‘(ql Momentam’

- ffany pPossible Choices of Quantizations, they are related Vi
“E/ec-f-mmegnetic Duality Transformation »



- After long detour in % im, lot us recall m the ongina/ 2-dia

£/:eor)' y The BAE anses from “ffaﬁn/aru/ Quantigation Cosrdlrtion ‘2 ra
ageérai( ansaty €fuctioh - That is " ?uanﬁiiry around E:m;mjnefic Vacuc?

&\_‘ —}4_7‘ = f’-i € o~ jdentification of L~ €

"/oh,po,sa/ ( Chen et ol 5 also COL) - Partitiom of +/ux

tfubes
F(Z=i-Re) - F(a=m-ei)= }CA)
Vacuum - dependent
Proved »s CChen et al) .
Can be argued from both " Identical Quantization Comdlitio N "

f
7he minima obta:ned from the potentials (n Qdim and 4dim

Gauge theories both Coincide WQith eigensiates of Hxxx .



Brane Construction for d/2Y Duality

ahtdead |
NS4 IA z:ﬁ‘mcrron
AXG
I Super-QCD
»),
M.
"3
h,,c
X,
# ~"vortices” T
N=(,2) GLSr1 appears > X6
PP " /

GS Rorly Vvolume theooa;.



- [Tore Int utie ExX planatior - CHY C + Avpamaria Snkovics )
! X SUSY &/ S/'( & “he VorteX hrlo lVbslume 7%20/5{.
of the dua/ 4o SUST /_hzorg >

Probing. Specific 4d Vacus Barypnic Higgs Rt

D-brane Picrures

NS§ '

Greometric E

D4 lrans;tro» E
1 } ﬂ D D4 i

€ ¢ /

4 [[ %

“Deformed Baryonic Higgs Branch” “Vortex Insertions>



7 é/'S S 17 7(.46' r a r ea/izaftbn Df ‘(690/772[' HC 7;'4}75/7‘/07’) »

Greometyrc
Jrans:1:e»)
\
/
S? ) 3 S?
70+ C 5’mne'fs'r S
S3 ﬁurap/’m} on fn;raiyiav 3 Grcles.
“Resolved Gonitote” “Deformed Grifold

Jhis picture alfws to Construct Many Ogper Duality [irs”,

Conhecting G-cometric Transitior &lith Jm?mé/e SHrucHures o7
Supersymmerric Gauge Theorres. ( HYCH Anncmaria Sinkovics D



